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F- numerate - e geometry C- 19th cent-⇒

We ask questions s- ch as :

① How many lines pass th -ugh

2 pants in the plane ?

••#



② Given 5 lines in the

plane ,
how many conics are

tangent to all 5 lines ?

•

•
•

•
•

ax
>

tbxyt-ftdxt.lt/--0Ansne--:1
Being tangent to

a

green line is a quadratic
condition on coefficients 0

,
.

. ;f .



3,264

③ How many comics a- e tangent

to 5 fixed conics in the plane ?

( Steiner 's conic problem
,
1848 )

Ans !



Caution : The -e a-e three issues one

needs to deal with to get this number .

① Instead of waking with arias

with real coefficients
,

we cha- Id

count conics with ccnpbx coefficients
.

[ A polynomial of degree I will have

d complex sol-ts.ms
,

cccnkrd with

multiplicity ,

but not necessarily d

real solutions
.]

② We should understand how to

"

co - at multiplicities .

"

subtle !



③ We should make sure solutions

to equations don't
"

escape to infinity
"

Y=✗2

'

1=3

To deal with this
,

we wa - h in

complex p-cjecti.ve space

¢1M = (¢
""

1%3) /~

( Xo ,
- -

, Xn ) ~ ( tko , - .
-

,
txn ) f- -

✗ c- 41103 .

If f- ( Xo
,

-
. ,Xn ) is a homogeneous

polynomial of degree d , then tie set



If flxo
,

. .
.

, Xn ) is a homogenous

polynomial of degree d
,
the-

2- (f) = { Cao , . .

, an > c- ¢1M / f- Cao , -
- ian ) =3

makes sense and is a

hxpe-s-rfaceaf-H.fi/o,-..tXn1=ydflXo,...,Xn)Exam-pe
: (Clebsch diagonal cubic

s - - face )

✗
o

>
+×? + ×} +43 =L Xotx ,tXz+✗zP

c- Clip
}





Every c-hic surface which is

a manifold Life
,

is non-singular 1

contains precisely 27 lies .

( Cayley - Salmon
,
1849 )

( Arthur Cayley 's final resting place.)



Question : Degree 3 s -- faces are

special , as degree 52 s--faces

will contain an infinite number of

lines

o

what abort hype - surfaces in ¢184 ?

The critical degree is 5 .



2,875

609,250

CH
. Schubert

,
19
"

century )

The general non-singular quintic 3- feld

has lines .

Unlike the cubic s - - face,
the general

quintic 3- fold will contain a
finite

number of conics
,

a number
calc - lated by

Sheldon Katz
11986 ) to be



what-ab-t.gg ?

Let us consider maps

f : clip
'
→ ¢p4

U ,V Xo
,

-
- .

, Xy

defied by

flu ,v ) = ( folk ,vl
,

. .
.

>
f-
←
14.nl )

where

• fo
,

. . ;fy a- e homogeneous polynomials

of degree d n-th no common

zeros .

• f is inject-e on a dense

open subset of ¢1M .



317,206,375

We consider f. f ' : clip '
→ ¢p

4-

the same if F an a-tcmc-ph.sn

Cf : CLIP
'
→ clip

'
such that

f. I = € ! ( Re parametrization . )

Fix a non - sing - k- q - int :c ✗ c- apt
,

and let Nd = A- of s - ch maps
of

degree d
,
nth

image

contained
in X

.

N
,
= 2,875, N

,
= 609,250

Nz = -

Elling-d + Stromme
,
1990

.



Ente - string theory ,

1990 .

candelus.delaossa.Greenandpu-fvsedst-ing-tlecret.aemethods to find

a confect- - al generating series for

the sequence Nd
,
DIL .

Keypo' . String theory p -edicts the

existence of a mir-orman.fi/d- to

×
,

i - e.
,

a vanety É s- ch

that

✗t.pl/)---X+opci ) .



The generating f-nct.cn for Nd

then can be calculated via

period integrals on Ñ :

{ R t nowhe-e-unishinghekmc-ph.ae
3- f. - m as I

.

✗

P ( Existence of

3- cycle
on
Ñ

such is the

Calabi-Yau condition
,

and both ✗
,

I

satisfy this condition . )



Maayinpc.tcntq.es/i#

① Rigorous definition of the numbers

Nd .
( Ruan -Tian

,
Reh -end - Fantechi

,
:)

'

92 -

'

95

→ Gromov - Witten inva - cents
,

② Proof of physics predicting

(Giuenfal
,

'

96
,
Lian

-
Liu

- Yau
,

'

97
,

-
. . )

③ Constriction of mirrors

( Ratner
,

'

93 - combinatorial

construction of ~ 2×108 mirror pairs)

( cast - → ted mirror pairs which were

hype -surfaces in toric varieties . )



④ Why does mirror symmetry

wah ?

Homological mirror symmetry ( kontseuicb
,

'

94 )

symplectic geometry = algebraic geometry
if ✗ of Ñ

Steininger - Ya - - Zaslcw conjecture (
'

96 )

program joint with Bend Siebert ( since 2001 )

Algeb - o -geometric approach mat . -atod by SYZ

g.
µ,

,

Mirra . pairs a-e deal
"

special Lagerquist
to- - s t.h-ah.ms

✗ I

dim ,☐B=dim¢X↳pi



Gene -al constructions of mirrors
.

"

Intrinsic mirror symmetry
"

G- Siebert
,
2019 .

( similar const-- ctirn in special case ,

keel - Yu
, 2019 . )

simplification for this discussion
.

Work with a log Calabi-Yau pair
,

i. e.
,

a pair CK
,
D) w.tn ✗ a

non - singular variety, D a union of

hype - s- - faces in ✗ meeting transue - sully

and s- ch that ✗ LD caries or

tap rank nowhere vanishing holomorphic

form with single poles along . D
.E

" "

This is the log Calabi-Yau audition
.



Exaupte ! ✗=Q -adric surface .

Di
Dz

•

F.

Goal construct ring of algebraic

f- nations of mirror
,
i.e.

,
the

coordinate
ring

of the mirror .



Consider maps f : CHP
'

→ ✗ .

Given a part ✗ c- ACP
'

,
we

can define the contact c- de -

off
with Di at ✗

.

• The contact order is 0 if

f- 1×74 Di .

• If flx ) c- Di
,

and t=o is a

local equation F- Di atfcx ) , then

the contact order of f- at ✗ is the

order of vanishing of tof at ✗
,

\



Logarithmic Gromov - Witten in -a - arts .
CG - Siebert

,
Abramovich - Chen , 2010)

Count maps

f :( C
,

X
, ,

- -
-

,
✗
n ) →(X

,

D )

with imposed contact c-de - s at distinct

pants ✗
, ,

- . .

,
✗
n

c- C
.

We can record contact orders

via formal I. rear combinations f- (X) c- D;
tÉ S.f.

p= { a ;D ; , 420 , indicating qi >0
,

so

contact order ai nitu Di .
M Di -t¢
i-S.t-9i.to

Note! In order f. - p
to be vsef-1

,

ne shield hu -e N Di =L ¢ ,

ii. ai >0

in which case we will call p effective .



theo-em-LAC.GS ) F a good counting teeny

for such maps,
called

logarithmic Gromov - Witten

cnua-ir-KE-g.CC
,
✗
i. XD → (X

, D)
Contact orders P

,
= D ,t2D<

pz= 3D
}

☐
,

• FIX ,)

D-]
,,y,

F.
3



The coordinate ring
of the mi-- a- :

( first approximation )

Let A be the d- algeb-uu.tn

basis
←
War theta

( theta f-nations)

④ I p an effect :-c contact order } .

ftp.0-q = § Mr Ar

Nr = #
maps f :( ¢1M ,

9.x, , X←+ ) → IX. D)

satisfying s.me constraints
.



If r= { a ;D ; , pick a part

2- c- N Di =/ ¢ since r is

ii. ai >0 effect ,
- e .

We req - ie :

• Contact order at ✗
,

is p .

• Contact order at Xz is q
.

• f- ( ✗
a-+ 1=2 and contact order at

✗at is - r .

Abramovich - Chen
-

G
.

- Siebert (
'

16
,

'

99
,

'
20 )

int-cd-cepunct-edlcga-cmov-w.HN
invariants in order to interpret

negatice contact order !



Exmpte :

8D
,

• % = 0-D.tk

-015,0-2 ' -0dg
= ①

D. + Dz '% = AD
,

+ %
2

×.¥Ea+
y

constant map .

✗ '

•

☐
,

☐
, ×?☐ ,

a

☐
,

F.
3 F3

÷*Di 2-•
☐
2

F.
3



Mi --c- coordinate r.org :

45-0

①
91

-

: -0ps

-

10-10-20-3 - Q ,
-0-2 )

theorem:(G- S ' 19 ) the above crust--<ten

of a p - od - et latte - s- itnbl, taking into

account convergence iss- es ) yields a

commutate
,

associate - e ¢ - alqeb-nn.tn unit .
T

-

-00( Hed !

Thank You !



Calabi-Yau case :

Xo Etty propermaximally uniprtent degenerates
1 1-

normal crossings.
⑧c- S

✗

non
-
c-
Ñ Apply caretaker to

the pair IX. XD .

→ get rang
A n.lu a

natural grading .

Mirror is Proj A .


